It is shown that the Chern-Simons functional, built in the spinor representation from the initial data on spacelike hypersurfaces, is invariant with respect to infinitesimal conformal rescalings if and only if the vacuum Einstein equations are satisfied. As a consequence, we show that in the phase space the Hamiltonian constraint of vacuum general relativity is the Poisson bracket of the imaginary part of this Chern-Simons functional and Misner's time (essentially the 3-volume). Hence the vacuum Hamiltonian constraint is the condition on the canonical variables that the imaginary part of the Chern-Simons functional be constant along the volume flow. The vacuum momentum constraint can also be reformulated in a similar way as a (more complicated) condition on the change of the imaginary part of the Chern-Simons functional along the flow of York's time.
Introduction
In the initial value formulation of general relativity the evolution of states is described with respect to a topological, or coordinate time, and we can speak about the metrical, i.e. the physical time, e.g. the proper length of the history of a massive particle or of an observer, only after solving the evolution equations (see e.g. [1] [2] [3] ). Although this does not yield any problem in classical physics, it yields serious conceptional difficulties in the quantum theory both of the matter fields on a curved spacetime and of the gravity itself (see e.g. [4] [5] [6] ). The resolution of this difficulty could be the isolation of certain (matter and/or gravitational) degrees of freedom as the 'natural' time variable ('internal clock'), and the evolution of the remaining degrees of freedom would be described with respect to this 'internal time' variable [6] [7] [8] [9] . However, this 'internal time' would be defined on the phase space of the physical system rather than in the spacetime ('external time'), and hence it is not a priori obvious that these two concepts of time should coincide even if we have a well defined external time. To illustrate the potential difficulties, let us consider the planar rotor, the simplest possible model of classical clocks: The position of the pointer is given by an angle coordinate ϕ ∈ [0, 2π), and we say that the clock is running ifφ, the derivative of the 'internal time' ϕ with respect to the 'external time' t, is strictly positive (or negative). Then the actual 'internal time' shown by the clock is not only the value of the angle variable ϕ, but ϕ plus 2π-times the number of full periods the clock has taken. Thus ϕ could be a global 'internal time' only ifφ, as a function of ϕ, tends to zero as ϕ → 2π, i.e. if the clock 'slows down to zero' asymptotically before taking one complete period. Thus ifφ ≥ c > 0 for some constant c, then the 'internal time' ϕ cannot be globally well defined. In fact, by Poincare's recurrence theorem [10] this seems to be a general property of any localized, quasi-stationary clock modeled by a classical Hamiltonian mechanical system (even with noncompact configuration space): If the dynamics is forced to take place in an open subset W with compact closure of the phase space (e.g. by a potential increasing monotonically at infinity to bound the system's positions and momenta), then for any point p ∈ W and its arbitrarily small open neighbourhood U there is an 'external time' parameter value t (p,U) such that the system's dynamical trajectory through p at t = 0 returns to U before t (p,U) , and hence there is no continuous function on W which would be monotonically increasing along the dynamical trajectory. (If the system is not localized, then, of course, one can find such a function, e.g. one of the Cartesian coordinates of a free particle.) Thus one should think of the 'external time', i.e. the natural parameter along the dynamical trajectories, only as an abstraction of the 'internal times' of specific localized clocks, like the manifold, which is defined in terms of local Euclidean neighbourhoods, and one cannot expect the 'internal times' to be global. What one can expect is that the derivative of one with respect to the other be bounded from below by a positive constant.
Returning to general relativity, technically the choice for such an 'internal clock' would be the fixing of the lapse function of the foliation in an intrinsic, geometric way. In fact, in the expanding or contracting phase of the Bianchi I. and IX. cosmological models Misner [11] found the volume of the hypersurface of the spatial homogeneity to be such a natural time coordinate. In the basic paper "Role of conformal threegeometries in the dynamics of general relativity" York showed how the unconstrained (physical) degrees of freedom of vacuum general relativity can be characterized by the conformal 3-geometry of the spacelike hypersurfaces, and one of the canonical momenta, the trace T := 2 3κ χ of the extrinsic curvature of the spacelike hypersurfaces, could be identified as a natural time variable [12] . (Here κ is Einstein's gravitational constant.) In fact, by the Raychaudhury equation T is monotonic in time provided the strong energy condition holds (e.g. in vacuum) and the acceleration of the hypersurface can be neglected. Thus it may be monotonic even when Misner's time has a turning point. Unfortunately T is not monotonic in general either. Recently Smolin and Soo argued that since the proper arena of the dynamics is the phase space rather than the spacetime and in a canonical quantum theory the carrying space of the wave functions is the configuration space, we should find a natural time variable in the configuration space and not in the spacetime. For such a natural time variable in the configuration space they suggested the imaginary part of the Chern-Simons functional built from the complex Ashtekar connection [13] . Although the quantum dynamics must be formulated in the configuration space (or on the phase space endowed with an appropriate polarization), we think that in the classical theory time in the phase space or configuration space (i.e. the 'internal time') and time in the spacetime ('external time') should be monotonic with respect to each other, even if the former is not a globally defined observable on the phase-or configuration space. Unfortunately, their time variable is also of limited validity [14] .
These negative results rise the question as whether this failure of finding the 'internal time' is an indication of the non-existence of such a time in the field theoretic framework either, at least in the generic case. It is an open question whether the dynamics of the vacuum Einstein equations are analogous to that of the free particle, or there exists an appropriate version of Poincare's recurrence theorem for infinite dimensional Hamiltonian systems with physically reasonable conditions that would rule out the existence of 'intrinsic times'. On the basis of a Machian analysis Barbour goes further [15] saying that the idea of the 'intrinsic time' and clocks is wrong, and "any satisfactory operational definition of time must involve all the degrees of freedom of the universe on an equal footing", and it is legitimate to use clocks only in the description of the dynamics of the subsystems of the whole universe.
The Chern-Simons functional is known to play an interesting role in the characterization of the conformal structures on 3-manifolds. In fact, the Chern-Simons functional built from the Levi-Civita connection of a Riemannian 3-manifold (Σ, q µν ) is invariant with respect to conformal rescalings of the 3-metric q µν [16] . Furthermore, in the Lichnerowitz-Choquet-Bruhat-York (conformal) approach of solving the constraint equations for the constant mean curvature data set of general relativity it is only the conformal class of the 3-metric, and the (unphysical) transverse-traceless extrinsic curvature and the trace of the physical extrinsic curvature that should be prescribed [17] . But the curvature of the conform 3-geometries is the Cotton-York tensor, which is just the variational derivative of the Chern-Simons functional above with respect to the metric [16] . Thus some role of the Chern-Simons functional in the dynamics of the 3+1 dimensional general relativity may be expected. In some of our previous papers we gave two generalizations of this Chern-Simons conformal invariant for triples (Σ, q µν , χ µν ), where χ µν is any symmetric tensor field on Σ [18] . The first was based on a real Lorentzian vector bundle over Σ and a covariant derivative thereon, built from q µν and χ µν . This is invariant with respect to transformations of q µν and χ µν corresponding to spacetime conformal rescalings. The second generalization was based on the complex vector bundle of anti-self-dual 2-forms, but that is not invariant with respect to conformal rescalings. Later these two generalizations were shown to be special cases of a more general construction based on the bundle of spinors with k unprimed and l primed indices [14] , and they can be recovered from that corresponding to the (k, l) = (1, 0) spinor representation and its complex conjugate. Thus it is enough to consider the Chern-Simons functional constructed in the basic spinor representation.
The present paper is addressed to the problem of dynamics of vacuum general relativity using certain three dimensional (conformal) geometries and the Chern-Simons functional, both in the spacetime and the phase space, but from a slightly different point of view. We consider a special spinorial 3-geometry, built from the initial data (and not only from the spatial 3-metric), and the Chern-Simons functional Y constructed in the basic spinor representation. We are arguing that the proper interpretation of the Misner and York times and the imaginary part of the spinor Chern-Simons functional is not 'internal time', rather they are observables on the phase space by means of which the constraints of vacuum general relativity can be rewritten into a new form. In Section 2. we introduce the Chern-Simons functional Y in a direct way, without referring to the Lorentzian vector bundle of [18, 14] , and review its most important properties that we need in what follows. In particular, we clarify the conformal properties of Y and show that it is invariant with respect to infinitesimal spacetime conformal rescalings iff the constraint parts of the vacuum Einstein equations are satisfied. In Section 3. the base manifold Σ is considered to be a spacelike hypersurface in the spacetime, and Y is shown to be invariant with respect to infinitesimal spacetime conformal rescalings on every spacelike hypersurface iff the vacuum Einstein equations (and not only their constraint parts) are satisfied. Then, in Section 4, the structures on the ADM phase space Γ ADM that we need are reviewed, and, in particular, we introduce the Misner and York times and the spinor Chern-Simons functional as functions on Γ ADM . In Section 5. the notion of conformal rescalings is implemented in Γ ADM , and it is shown how the vacuum constraints of Einstein's theory can be reformulated by means of Im Y . Finally, in Section 6, we discuss the Chern-Simons functional on the Ashtekar phase space.
Our conventions are mostly those of [19] (and follow [18, 14] ): In particular, the exterior product is defined as the anti-symmetrized tensor product and the spacetime signature is -2. The curvature and Ricci tensors e.g. of the covariant derivative operator ∇ a are defined by and 2t
, and note that ε AB ε A ′ B ′ is a Lorentzian fibre metric with signature (+, −, −, −) on the subbundle of the real elements of
, and it is timelike with unit length. P
is the projection to the subbundle of the elements of S A (Σ) ⊗S A ′ (Σ) orthogonal to t AA ′ , and hence any section K
decomposition into the sum of a section proportional to and orthogonal to t
By a theorem of Stiefel every orientable 3-manifold is parallelizable, i.e. its tangent bundle is trivial (see e.g. [21] ), thus if S A (Σ) is chosen to be trivial then there is a globally defined (base point preserving) bundle
, which is an isomorphism between the tangent bundle T Σ of Σ and the bundle of the real elements of
, and the pull back q µν := Θ 
, a = 0, ..., 3 and i = 1, 2, 3, be the standard SL(2, C) Pauli matrices (including the factor 1/ √ 2), and define the three 1-forms ϑ
The metric q µν on T Σ defines the Levi-Civita covariant derivative D µ , whose action can be extended to
is well known to be expressible by the Ricci rotation coefficients defined in the basis {ϑ
where {e µ i } is the vector basis in T Σ dual to {ϑ i µ }, ε i j k is the alternating Levi-Civita symbol, and σ
(Boldface indices are moved by η i j and its inverse. Thus ε i j k is minus the Levi-Civita symbol ǫ i j k .) Next we define another covariant derivative D µ on the 
To compare the derivatives D µ and D µ , first let us observe that χ µ
and consider the D µ -derivative of K
Then the curvature of D µ can be computed easily: provided the integral exists, e.g. if Σ is closed or if (Σ, q µν , χ µν ) is asymptotically flat in the sense that both q µν and rχ µν tend to a flat metric and zero, respectively, at least logarithmically with the radial distance r [14] .
] is known to be invariant with respect to orientation preserving diffeomorphisms of Σ onto itself, and also with respect to basis transformations Λ : Σ → SL(2, C) of the spin frame that are homotopic to the identity transformation ("small gauge transformations"). However, under large (i.e. not small) gauge transformations Y [Γ 
where R µν is the Ricci tensor of the Riemannian 3-geometry (Σ, q µν ), R is its curvature scalar, we used the notations V µν := χχ µν − χ µρ χ ρ ν and V := V µ µ = χ 2 − χ µν χ µν , and introduced the tensor fields
both H µν and B µν are traceless and symmetric, and for vanishing χ µν the latter reduces to the CottonYork tensor of (Σ, q µν ). We have shown that the stationary points of Y [q µν , χ µν ] are precisely those triples (Σ, q µν , χ µν ) that can be locally isometrically embedded into the Minkowski spacetime with first and second fundamental forms q µν and χ µν , respectively [18] .
Let Ω : Σ → (0, ∞),Ω : Σ → R be smooth functions. The conformal rescaling of the metrics ε AB and t AA ′ and the connection D µ by the pair (Ω,Ω) is defined by ε AB → Ωε AB , t AA ′ → Ωt AA ′ and χ µν → Ωχ µν +Ωq µν . This rescaling yields the change Γ 
where dΣ := ,k) , characterized by H µν = 0 and B µν = 0, are precisely those triples (Σ, q µν , χ µν ) that can be locally isometrically embedded into the conformal Minkowski spacetime with the first and second fundamental forms q µν and χ µν , respectively [18] . Furthermore, by (2.3) Y (k,k) is invariant with respect to conformal rescalings. In fact, Y (k,k) can be rewritten as the Chern-Simons functional built from the 3-surface local twistor connection on Σ, which is a manifestly conformally invariant expression [14] . Thus, in complete agreement with (2.3), it is the imaginary part of Y [Γ A B ] that in general breaks the conformal invariance.
The spinor Chern-Simons functional of the spacelike hypersurfaces
Let (M, g ab ) be a spacetime, θ t : Σ → M , t ∈ R, a foliation of M by spacelike hypersurfaces Σ t := θ t (Σ), and let t a be the future directed unit timelike normal to the leaves Σ t and P 
, which coincides with the unitary spinor form of the induced volume 3-form only if the latter is defined by the convention above. Thus, although in differential geometry the volume form of a hypersurface is defined by the contraction of the normal with the first index of the volume form of the embedding geometry, we adopt the standard sign conventions in the theory of spinors rather than the standard sign conventions in differential geometry.) If 4 G ab and 4 C abcd are the spacetime Einstein and Weyl tensors, respectively, then
, and the conformal electric and magnetic curvatures are E ab :
and
Thus although H ab can be expressed by the induced metric and extrinsic curvature, in general E ab cannot. The part of E ab that is determined by the geometry of Σ t is 0 E ab := −(R ab + V ab ) + 
Thus, as we saw in the previous section, the invariance of Y [Γ To do this first recall that the embedding θ t : Σ → M defines a congruence of curves on M by assigning the curve θ(t) := θ t (p) to the point θ 0 (p) ∈ M . Let us denote its tangent vector field by K a , and decompose it into the sum of its parts normal and tangential to Σ t :
Lie derivative on the 'spacetime' Chern-Simons 3-form, for the time evolution we obtain
where we used the expressions for E ab and H ab above and those for the 'constraint parts' of the spacetime Einstein tensor by the three dimensional quantities. The real part of (3.2) is invariant with respect to spacetime conformal rescalings, thus the time derivative of the Chern-Simons functionals defined in the real tensor representations is also conformally invariant. In general neither the real nor the imaginary part has definite sign. Note that the shift vector does not appear on the right hand side of (3 .2), showing the invariance of Y with respect to spatial diffeomorphisms. In the rest of the present paper we identify Σ with its image Σ t , and hence use only the Latin indices.
The spinor Chern-Simon functional on the ADM phase space
The classical ADM phase space of vacuum general relativity (see, e.g. [1] [2] [3] |q|(χ ab − χq ab ), where q := det(q ef ), and χ ab is the extrinsic curvature of Σ in the spacetime. Then the Hamiltonian and the momentum constraints of the vacuum general relativity areC any smearing function, furthermore, it is a dimensionless quantity. Its variational derivatives with respect to the ADM variables can be calculated using (2.2). They are [18] , 0 E ab = 0, H ab = 0 and D (aCb) = 0 imply thatC a = 0. Thus, in particular, the critical points of Y are all on the constraint surface, and, as we noted in Section 1, they represent initial data for locally flat spacetimes. The time evolution of Y , defined byẎ : To summarize, these specific candidates for the 'internal time function' have two main drawbacks: First, they are monotonic only for specific lapse functions instead of any N , and, second, they are not globally defined. In fact, the first implies the second: Since the lapse must be chosen to be 'adapted' to the initial state (q ab ,p 
x also with non-negative n. (The latter could be more natural because the vanishing of E BR [n] for any non-negative n, together with the vacuum constraints, implies that the corresponding initial data is flat, i.e. precisely the critical points of the vacuum constraints. It might be interesting to note that, apart from the sign in front of 0 E ab 0 E ab in E BR [n], the imaginary part of (3.2) in vacuum is just this Bel-Robinson 'energy'.) However, the question of the globality of τ would still be open, as it is not clear e.g. how the infinite dimensional versions of Poincare's recurrence theorem restrict the possibility of globally defined time functions, like in the phase space of mechanical systems. We will see in the next two sections that V [n] plays, in fact, the role of determining the scale of a time parameter (rather than the time itself), but in a slightly different context.
The role of spinor Chern-Simon functional in the dynamics of GR
The conformal rescaling of (q ab , χ ab ) yields the mapping (q ab ,p 
The latter is simply a reformulation of (the u-derivative of) (2.3) in the symplectic framework, and hence the vacuum constraints are equivalent to the invariance requirement K(Y ) = 0 for any K above.
Next let us clarify whether K is a Hamiltonian vector field or not. Suppose that K is a Hamiltonian vector field of a function Φ in the strong sense, and hence Φ satisfies δΦ δp ab = 2q ab δΩ,
Then let us consider a smooth two-parameter family of points (
and consider the function Φ as a function of the two parameters: Φ = Φ(u, v). Using (5.1), the derivative of Φ(u, v) with respect to u at u = 0, which is still a function of v, is and there is a similar expression for the v-derivative δ v Φ, too. Since, however, Φ(u, v) is a smooth real valued function of two variables, the order of its u and v derivatives can be interchanged ('functional integrability condition'). Therefore,
However, apart from δΩ, the right hand side is just the canonical symplectic 2-form evaluated on the vectors (δ u q ab , δ up ab ) and (δ v q ab , δ vp ab ), which is non-vanishing. Therefore, Φ can be a non-trivial solution of (5. 
